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Abstract 

We consider a theory in which supersymmetry is partially spontaneously broken and show 
that the dynamical fields in the same supersymmetric multiplet as the Goldstino are Gold- 
stone bosons whose corresponding generators are central charges in the underlying super- 
symmetry algebra. We illustrate how this works for four dimensional Born-Infeld theory 
and five brane of M theory We conjecture, with supporting arguments, that the dynamics 
of the branes of M theory can be extended so as to possess an En symmetry. 
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1. Introduction 

Given a theory with a symmetry algebra G which is spontaneously broken to the sub- 
algebra H then it is usually the case that the low energy theory is a non-linear realisation 
of G with local sub-algebra H [1] . Hence, if one is studying a phenomenon which is of this 
type then, by examining the low energy behaviour, one can discover the symmetries of the 
theory without having to understand the underlying dynamics. Indeed, it was using this 
idea that some of the most important symmetries of particle physics were first established. 

One of the very first papers on supersymmetry constructed the non-linear realisation 
which results when a four dimensional N = 1 supersymmetry theory spontaneously breaks 
all its of supersymmetry [7]. Superbranes can be thought of as a defects in superspace in 
which supersymmetry is partially spontaneously broken and as such should be described by 
a non-linear realisation. A selection of the substantial number of papers on this viewpoint, 
when half the supersymmetry is spontaneously broken, are given in references [1-6, 22]. 
Following these it has become well known that the fermion field in superbrane dynamics is 
the Goldstino for broken supersymmetry and the transverse scalar fields are the Goldstone 
boson for broken translations. In more recent years branes that include world volume gauge 
fields have played an important role. The most important examples are the D-branes in 
ten dimensions and the five brane of M theory. Such branes can be also described as a 
non-linear realisation and it was shown [8] that the derivatives of the world volume gauge 
fields and also the usual transverse scalars fields, are Goldstone bosons for automorphism 
of the supersymmetry algebra. However, this paper did not find a symmetry corresponding 
to the world- volume gauge fields themselves. 

In section two we will consider a theory in which supersymmetry is spontaneously 
broken and present a simple argument that shows that the dynamical bosonic fields in the 
same multiplet as the Goldstino are Goldstone bosons whose corresponding generators are 
the central charges in the underlying supersymmetry algebra. This argument applies to 
the world volume gauge fields of superbranes and we will show in section three how this 
occurs in the general non-linearly realised formalism and in particular in section four for 
the five brane of M theory and the four dimensional Born-Infeld theory. Thus one finds 
that all the dynamical bosonic fields of branes have a common origin in that they are the 
Goldstone bosons corresponding to the central charges. 

It has been proposed that M theory possesses an underlying En symmetry; the low 
level fields in this non-linear realisation being precisely those of the maximal supergravity 
theories [9]. The latter are just the low energy description of the closed string theory, 
however, it has been known since early on in the development of string theory that open 
string scattering leads to closed strings and so one might suspect that open strings, when 
suitably extended, should also possess an £"11 symmetries. In particular, one might hope 
that this would show up in the effective action for open superstrings, namely the Born- 
Infeld actions, or more generally in the dynamics of the branes of M theory. 

There is considerable evidence that all the usual brane charges are contained in a 
single fundamental representation of En denoted li [11,14,16]. This multiplet contains 
at its lowest levels the space-time translations, and the two and five form central charges 
of the eleven dimensional supersymmetry algebra and then an infinite number of more 
exotic objects. Regarding branes as a result of spontaneously symmetry breaking it is a 
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natural generalisation to think of the dynamics of their bosonic fields as constructed from 
Goldstone bosons corresponding to generators which belong to the li representation. The 
result mentioned above for the five brane is an encouraging sign in this direction as one 
finds that its dynamics contains the transverse scalars and the world volume gauge field 
both of which occur as the first two fields in the h representation and their interpretation 
as Goldstone bosons for the central charges implies that they occur in the non-linear 
realisation in a way that is a low level truncation of an En formulation. 

However, at first sight, the situation for the two brane of M theory appears less 
promising. However, in section five we sketch the low level En non-linear realisation 
based on the li representation appropriate to the two brane and recover the usual dynamics 
for the bosonic fields. Finally, in section six we discuss some of the implications of the 
conjecture advanced above. 

2. Central charges and Goldstone fields 

Let us consider a super symmetric theory in which some, but not all, of the supersym- 
metry is spontaneously broken. We denote the preserved supersymmetry generators by 
Qa and the broken supersymmetry generators by Qa'- The indices a and a' may contain 
internal as spinor indices. The Goldstino, that is the field corresponding to the broken 
supersymmetry is denoted by A" and let A* be one of the dynamical bosonic fields in the 
same multiplet as the Goldstino under the preserved supersymmetry Qa- Here • labels 
any indices on the bosonic field. On dimensional and Lorentz symmetry grounds it follows 
that the transformation of A* under a preserved supersymmetry with parameter is of 
the form 

5A' = e^i^'C-'Urxf'' (2.1) 

Now by definition the Goldstino transforms under the broken supersymmetry as ^A'* = 
7]°' + . . . where -|- . . . denotes field dependent terms. Consequently, the commutator of a 
broken and an unbroken supersymmetry on A* takes the form 

[6„ 6r,]A^ = -e^{^'C-^)^p,f + . . . (2.2) 

This implies that there is a central charge Z, in the underlying supersymmetry algebra 
which occurs as 

{Qa,Q/3'} = ^.(7*C"')a/3' (2-3) 

The action of Z, on A* is to shift it by a constant and consequently we can interpreted 
A* as the Goldstone field corresponding to the generator Z,. Thus we conclude that a 
dynamical field in the same supersymmetry multiplet as the Goldstino must be a Goldstone 
boson whose corresponding generator is one of the central charges that occurs in the anti- 
commutator of the preserved and broken supersymmetries. 

We can also identify the derivatives of the dynamical Goldstone fields. Let us assume 
that there exists a symmetry of the theory that rotates the Goldstino into the superspace 
coordinate 9°^, namely 

dX""' = d^L/ (2.4) 



3 



Carrying out the commutator of a supersymmetry transformation and the above rotation 
we find that 

[5e,5L]A«' =€%«' + ... (2.5) 

If we denote the generator of the rotation by Ra'^ we must conclude that it occurs in the 
underlying algebra as 

[Qj,Ra'^]=S^Qa' (2.5) 

Hence it is one of the automorphism of the supersymmetry algebra studied in [8] . 

The Goldstino A" and Goldstone boson A* belong to a supermultiplet whose first 
component is A*. Denoting the superfield and its first component by the same symbol 
equation (2.1) implies that DaA* = (7*C~-^)a^'A^ . As a consequence of equation (2.4), 
the spinorial derivative of the Goldstino transforms as 

SLDaXf^' = lJ' + ... (2.6) 

As such, the spinorial derivative of the Goldstino is the Goldstone boson for the automor- 
phism of the supersymmetry algebra with generator Ra'^ . However, the spinorial deriva- 
tive, or equivalently the supersymmetry variation, of the Goldstino contain the space-time 
derivatives of the dynamical Goldstone fields and any auxiliary fields that my be present. 
As a consequence, we conclude that the latter fields which do not occur with derivatives 
in the supersymmetry variation, are also Goldstone fields of some of the automorphism of 
the supersymmetry algebra that mixes the preserved and broken supercharges. 
Let us also consider a rotation of the form 

6^A' = L\X^ (2.7) 

where is the space-time coordinate of the theory and let i?,"^ be the associated gen- 
erator. The commutator of a space-time translation with parameter and the above 
rotation is 

[5^,5i]A' = L\C + --- (2.8) 

This is a shift in A* that is generated by the previously identified generator and so we 
find that 

[P„,i?.-^]=C^. (2.9) 

It follows that driA* transforms as S^dnA* = L'n + ■ ■ ■ and so can be identified as the 
Goldstone boson whose generator is R»^. 

This last result is consistent with our earlier considerations, since the super-Jacobi 
identity involving Qa,Qi3 and Ry^^ implies using equation (2.5) that Ry^ rotates Z^p = 
{QajQfs} into ZfxY = {Qa^Qy}- Since Z^fs include the translation generator certain 
of the Ra'^ will rotate into the central charges Zap' as in equation (2.9). Expanding 
Ra'^ in terms of Clifford algebra elements we find a set of generators with vector indices 
which are totally anti-symmetrised and as a result only the totally anti-symmetric part of 
R,^ can be identified with part of Ra''^- In a given model only a sub-set of the allowed 
possible central charges may be present and it can happen that some parts of Ra'^ do not 
induce any transformations on Pa- As such, the Goldstone fields corresponding to these 
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generators are not space-time derivatives of the central charge Goldstone fields even though, 
as explained above, they are the Goldstone bosons for D^X^ . The obvious interpretation 
of these Goldstone fields is that they correspond to auxiliary fields. 

In this section, we have not explicitly used the machinery of non-linear realisations, 
however, in the next section we will give the theory of non-linear realisations applied to 
the current context and we will see how the results found in this section emerge from the 
general formalism. 

This interpretation of auxiliary fields as part of the automorphism algebra may provide 
a new way of finding auxiliary fields. 

3. The general formalism 

We first recall the description of branes as non-linear realisations as given in reference 
[8]. We consider the supersymmetry algebra, which obeys the relations 

{Qa, = Zap, [Qj, Zap] = 0, [Zap, Zjs] = 0, (3.1) 

and denoted it by We also consider the automorphism algebra ^ of K which obeys the 
relations 

[Qa, -R7-] = SgrQjj [Zgfit = ^^Zj£ -\- S^Zaj- (3.2) 

The generators of K_ and H_ together form the algebra G_ from which the non-linear realisa- 
tion is constructed. The central charge generators include the space-time momentum 
generators Pa- It is easy to verify that such an algebra obeys the generalized super Jacobi 
identities. 

Expanding Zgfi out in terms of the enveloping algebra of the relevant Clifford algebra 
we find that it contains a set of generators which are totally anti-symmetric in their vector 
indices: 

^7-=E E (7^--C-i)/Z^^...^^. (3.3) 

^ — 1 — p 

Similarly, we may expand i?^-, namely 

^7- = E E (7-- -)/%...:,,• (3.4) 

» n,...n 
f — 1 — p 

If all possible central charges are allowed the generators Zgjs form the most general 
symmetric matrix and the automorphism group is GL{cd) where Cd is the number of 
supercharges. However, it is often the case that we require only a sub-set of all the 
possible central charges in which case the automorphism group is reduced. Indeed, if the 
only central charge is the momentum then the right-hand side of the anti-commutator of 
two supercharges is 'f-Pa, then the most general automorphism group is by definition the 
spin group. This natural enlargement of the Lorentz algebra when more central charges 
are present acts as a brane rotating symmetry [8,15]. 

Let us consider the action of one of the automorphisms R* that occurs in equation 
(3.4) where • encodes the indices. Equation (3.2) then takes the form 

[Za^, R'] = {l')a^Zsp + {l')p^ZaS (3.5) 
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We may rewrite this equation as 

K^, R'] = il'ZC - rjeZC^')^^{C-')s^ (3.6) 

where the charge conjugation matrix C satisfies = —eC and (7*C~-'^)^ = r]^*C~^. 
Given a set of central charges Z^js we may use the last equation to find what is the 
maximal automorphism algebra. We note that it depends on the transposition properties 
of 7* and C both of which are dimension dependent. 

We divide the generators in K into = {Qai Qa') and Zq,^ = (Z^^, Z^fB', Za'jS') and 

the generators of I£ as R^— — {Rj^, -^7'^, R-y^ R-^'^ )■ In this decomposition Qa and Qa' 
are the preserved and broken supersymmetry generators respectively. The decomposition 
of the spinor indices corresponding to the breaking of the underlying spin algebra. The 
generators Qa-, Zap and a suitable sub-algebra H of are preserved and we denote the 
algebra of these generators by G. 

We consider the non-linear realisation of n G with local sub-algebra H and so consider 
the group element 

= ^^e^"''^«/''+^"'''^'^''3'+Q"'Q«'e'^-« (3.7) 

where (p ■ R = (ps—R-y- is a sum that includes all the generators in I^, except for those in 
H. Although the group element contains Zap and Qa these do correspond to preserved 
symmetries and their role is to introduce superspace into the theory. In particular , , 
X" ^ , Q*^ and (p depend on this superspace. 

To illustrate the results of the previous section, it will suffice to consider the linearised 
approximation in which we keep terms only to first order in the dynamical fields. Hence, 

and 9°^ are of order zero and all other fields are of order one. To this order the Cartan 
forms are given by 

g-^dg = dz^iE^^Pa + E^'^Qa) + E'^Vn^'^'Qc' 
+E^VnX'"^' Zaf3' + E^VnX""'^' Za'(3' + E^VN(f> R (3.8) 



where 



and 



g^^dgp = dz^E^'^Pa + E^^Qa) = E'^P^ + E'^Qa = dO^Qa 

+ ((iX" - \de''{rC-^0)a)Pa. (3.9) 

V^X'^P' = D^X""^' - (3.10) 

v«e^' = L»ae^' + (3.11) 

V^sX^^' = djsX''^' + liS^h^' + 52(t>/) (3.12) 
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We also find that V^^B"' = S^^©'*' and W N<Pa- = DncI)^-, although these two quantities 
will play little further role in what follows. In the above we have denoted the coordinates 
of superspace by = the index range of = (a, a) and the world indices, 

such as TT, by the same range since we are working with the linearised approximation. In 
deriving these results we have defined the covariant derivative in superspace by 

df = dz^d^f = E^^D^f (3.13) 

for any function / of superspace and where = dz'^E^^^ . It is a consequence of the 
linearized analysis that 0^^' is the only part of that enters any of these expressions. 
The dynamics is given by setting 

V^X"^' = = VaO^' or equivalently D^X"^' = S^Q^' , D^Q'^' = (3.14) 

The Cartan forms transform under H and given our choice of automorphism algebra the 
above set of constraints is invariant. 

The constraints of equation (3.14) make contact with the general discussion of the 
previous section. The first of these equations implies that the supersymmetry variation of 
X'^^ , denoted A* in the previous section, has the form of equation (2.1). This equation also 
is often sufficient to determine the dynamics of the brane. The second of these equations 
tells us that the spinorial derivative of the Goldstino is part of the automorphism algebra 
and so belongs to I£/ H. By taking the spinorial covariant derivatives of the first equation 
we find an alternative expression for the spinoral covariant derivative of the Goldstino 
which involves the space-time derivatives of X'*^ and as such we conclude that the latter 
are part of the automorphism algebra [8] . This can be viewed as an example of the inverse 
Higgs mechanism [23]. Although in reference [8] a general form for X°'^ was allowed in the 
general formalism it was then assumed that these fields contained only the transverse fields 
X" or, equivalently that the only active central charges were the space-time momenta. 
However, in this paper it was also suggested [8] that one should take a more general form 
for Zq,^/, or X"^^ , and it is this suggestion that is implemented here. In the examples 
given below we will find that for some theories these extra generators play an important 
role in that their corresponding fields are the world volume gauge fields that occur in some 
branes. 

4. Examples 

Certain aspects of the general scheme set out above have occurred in a number of pa- 
pers in the literature. In particular, it is well known following the two- and four-dimensional 
examples worked out reference [2-6] that the transverse scalar fields that occur in brane 
actions are the Goldstone bosons for broken translations. It is obvious, but not always 
stressed that these broken translations must occur in the supersymmetry algebra of super- 
branes as central charges. A more recent example of this phenomenon is the construction 
of the N = 1, D = A supermembrane [5] . 

The non-linear realisation that leads to a chiral superfield in four dimensions, whose 
components we denote by {A\X'-i^)i was worked out in [4,3]. In these papers the authors 
considered a four dimensional N = 2 supersymmetry algebra with one complex scalar 
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central charge Z which could be viewed as a six dimensional supersymmetry algebra, the 
complex central charge playing the role of the additional momenta. This supersymme- 
try algebra possessed the preserved generators Pa, QaiQa Jab and broken gener- 
ators SatQai Z. Its automorphism algebra was S0(l,5)® SU(2) broken to S0(l,3)® 
SO(2)(8)U(l). They found that the Goldstino is the fermion of the chiral multiplet xa-, Xa' 
the Goldstone boson corresponding to the central charge is the complex scalar A and the 
Goldstone boson for the broken SU(2) part of the automorphism algebra are the complex 
auxiliary field JF. Furthermore, they noted that the remaining broken automorphisms were 
the space-time derivatives of the A. This particular example possesses many features of 
the general scheme set about above, with the exception, like all previous work, that it 
involves only scalar central charges. 

Below we will give three examples that illustrate the general scheme. We first give the 
M2 brane for comparison and then give the M five brane and finally the four dimensional 
Born-Infeld theory. Both the latter cases possess gauge fields which are the Goldstone 
bosons corresponding to central charges. 

4.1 The M2 brane 

We briefly recall how the M2 brane works. In this case the underlying algebra is 

{Qa, Qp) = {l^-^)apPa (4.1.1) 

Hence the only central charges are the translations and correspondingly we take X—- = 
(C7-)— -Xa. The maximal automorphism algebra is just the Lorentz algebra SO(1,10), 
or strictly speaking the spin algebra spin (1,10) for which R^- = '^ab('y~)i~'-^ab- Hence, 

the only non-zero (j)^- are the (pa^ — X^(j6'(7"^ )a^ 4^ab'- The preserved sub-algebra of 
spin(l,10) is i? = sprn(l,2)(8) spin (8). 

The constraints of equation (3.14) transform covariantly under spin(l,2)(g) spin (8) 
and so adopting these gives a set of equations which is invariant under the full non-linearly 
realised algebra. The first constraint implies that 

D^X-' = ^{r'C-%s'&'', (4.1.2) 

which is indeed implies the correct equations of motion for the linearised dynamics. While 
the second equation implies that 

D^e^' = -{r'')a^'cl>ab'. (4.1.3) 

Applying a spinorial covariant derivative to equation (4.1.2) and using equation (4.1.3) 
we find that d^X"^ ~ confirming that the space-time derivatives of X"- are the 

Goldstone boson 0^6' corresponding to the automorphism Jab' ■ In other words the space- 
time derivatives of X" , i.e. dbX"' belong to the coset spin(l,10)/spin(l,2)®spin(8). We 
also find that the constraints of equations (4.1.2) and (4.1.3) imply that Vm^^ = 

4.2 The M5 brane 
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The underlying supersymmetry algebra for the five brane is 

{Qa, Qp) = {l-C-^)apPa + (7-^-^)0^^^ + {l^^-^^C-^)a^Za^...a, (4.2.1) 

Although we consider Pa for a = 0, . . . , 10 we will take the other central charges to carry 
indices only over the range a = 0, . . . , 5. We must decompose the eleven dimensional 
Clifford algebra into one that keeps manifest the Clifford algebra appropriate to the five 
brane i.e spin(l,10) into spin(l,5)® spin(5). This results in a corresponding decomposition 
of the spinor index a = (a, a') and then Xa — ^ Xai and Xa' — ^ xf- For the fivebrane 
a — 1, . . . , 4 are the Weyl projected spinor indices of Spin (1,5) and i = 1, . . . , 4 are the 
indices of the internal group Usp{4) = Spin{5). 

Applying this decomposition to the supersymmetry algebra we find that the preserved 
supercharges Qai obey the anti-commutator 

[Qai, Ql3j] = Vij{l'')al3Pa + mAl''""''')Za,...a, = Vijb'')al3Pa (4.2.2) 

where Pa — Pa — ^a''^' "''^-^6i...65- Although we have a five form in the preserved supersym- 
metry algebra it can be absorbed to leave just a usual translation. However, the five form 
will reappear in the supersymmetry algebra for two broken supersymmetry generators. 

Q^j] = VijilT^iPa + ea'^-'^^6,...6j (4-2.3) 
For the anti-commutator of a broken and an unbroken supersymmetry we find that 

[Qa^, Q^j] = il'^'hS^aPa' + (t"^"^ )a''^a,a. • (4.2.4) 

The general decomposition = X*(C7,)— - takes on a restricted form correspond- 
ing to the form of the anti-commutators in equation (4.2.2), (4.2.3) and (4.2.4). In partic- 
ular in the world volume we take = X^^^^ = X°"r]^^ {-ja)'^^ and so we have in effect 
just the usual coordinates of space-time. Corresponding to equation (4.2.4), we take 

X^^' = X V' = -X'^'i^a'T'S'^ + v'^rY^Bab (4.2.5) 

We will recognise X" as the transverse scalars of the five brane and Bat as its world 
volume gauge field. 

Taking into account the restricted range of the indices on the central charges, the 
automorphism algebra of the supersymmetry algebra of equation (4.2.1) is generated by 

i?/ = Ja6(7-)/+ i?a,a.a3(7"^"^"^)/ (4.2.6) 

where -^010203 is anti-self dual. In particular, we have Ra'^ == Ja^' i'yb')i'' il^)'^^ + 
-Raia2a3^i (t"^"^"^)'*^- ludccd, uslug equatlou (3.6) one can verify that once one intro- 
duces the two form central charge one must also include the five form central charge. The 
corresponding Goldstone fields required at lowest order have the form 

(f>J' = <i>ai(3' = -(f>a''{w)i'{r)af3 + <j>a,a,aA{l''"'""') (4.2.7) 
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where ^010203 is self-dual. 

Using equation (4.2.5), equation (3.10) implies that the equation 

D^feX«' = l(7«');,^e,-^ (4.2.8) 

and also 

D^kBab = ^{labf^QkH. (4.2.9) 

both of which are consistent with equation (2.1). Using equation (4.2.7), the condition of 
equation (3.11) then implies 

DaiQ^j = -4>a' {lb')iKl")aP + (t>a,a,aMl"-"''''') o.f3 (4.2.10) 

Equation (4.2.8) ensures the correct dynamics for the five brane [21,25] and in particular 
implies that 

Dc^iQp' ~ -mc.p{lu')^X^' + 5^(7nin2n3)a/5/l"^"^"^ (4.2.11) 

where /inin2n3 is the self-dual gauge field strength of the fivebrane. Hence , we find that 
the space-time derivatives of the scalar and second rank gauge fields are identified with 
the automorphism group [8]. The underlying consistency of equations (4.2.8) and (4.2.9) 
are ensured by existence of the (2,0) supermultiplet which they specify. We note that as 
Bab has a gauge symmetry, the supersymmetry algebra will close only if one includes such 
transformations. 

4.3 The four-dimensional Born-Infeld Theory 

The underlying supersymmetry algebra for this model when written in two com- 
ponent notation is 

{Qa. Qb} = Q = {Sa. Sb), {Qa.Qb) = -H^IabPc = {Sa. Sj,}, (4.3.1) 

and 

{QA,S^} = -2i{a'^)^^Z,. (4.3.2) 
The automorphism algebra contains the usual Lorentz rotations 

[QA-,Jab] = -j{(^ab)A^QB, [S A-, J ab] = ab) A^ S B (4.3.3) 

and well as automorphisms with generators Rab and R which obey the commutators 
1 1 

[QA.Rab] = -j{'7ab)A Sb, [Sa, Rab] = -^icrab)A Qb, [Qa,R] = Sa, [Sa, R] = Qa 

(4.3.4) 

The super Jacobi identities determine the remaining commutators to be 

[Rab, Red] = JadVbc + [Rab, Jed] = RadVbc + [Rab, R] = 0, [Jab, R] = 0, (4.3.5) 
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and 



[Pc, Rab] — —VacZb + VbcZa, [Zc, Rab] — —VacPb + VbcPa, [Pc, R] — 2^c) [-^o Rab] — '^Pc 

(4.3.6) 

where in these equations + . . . means one must add the corresponding terms required by 
anti-symmetry. We note that this algebra has an additional central charge Za compared 
to the usually used N = 2 supersymmetry algebra and this allows the presence of the 
additional automorphism Rab- The generators R is just part of the usual SU(2)(8)U(1) R 
symmetry of = 2 supersymmetry. 

Leaving aside the generator R, the above algebra is just two copies of the standard 
N = 1 supersymmetry algebra. If we define 

^Pi = QA± Sa, Pt =Pa± Za, J±fe = ^{Jab ± Rab) (4.3.7) 

they obey 

[V'J , J^b] = IMa''^^ [P^, J^] = -VabPt + VacP^ (4.3.8) 

The two copies of the = 1 supersymmetry algebras (anti-)commute with each other. 
The commutator with R is ['0^, R\ — ±'0^. Two separate algebras are mixed together in 
the dynamics as the preserved space-time translations, supercharges and Lorentz algebra 
are a superposition of generators from the two separate algebras. 

Starting from the algebra of equation (4.3.1) and (4.3.2), but with Za absent and 
no automorphism generators as given in equation (4.3.4), except the Lorentz algebra of 
equation (4.3.3), the full four dimensional Born Infeld theory was constructed [3] as a 
non-linear realisation. These authors also suggested that the auxiliary field present in this 
model was related to the part of the usual R symmetry algebra. 

We now consider the non-linear realisation of the algebra of equations (4.3.1), (4.3.2) 
and (4.3.3) with the local sub-algebra being just the Lorentz algebra with generators Jab- In 
the notation of the beginning of this section the preserved supercharges are = {Qa, Q"^) 
while the broken supercharges are Qc^' — {Sa, S^). The corresponding group element takes 
the from 

g = exp{x''Pa + e'^QA + e^Qj^)exp{W^SA + W^Sj^)exp{A''Za)exp{r^Rab + ^R) (4.3.9) 
The Cartan forms of equation (3.10) of the linearised theory become in this case 

VaA"" = DaA" + 2i(a")^^Vr^, V^A« = Dj^A" + 2i{a'')^^W^, (4.3.10) 
While those of equation (3.11) become 
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V^W^ = D^W^--ia''')^^cPab + S% VbW^ = DbW^, (4.3.11) 
The Grassmann even constraints of equation (3.14) then imply that 

D^W^ = = DbW^, and DbW^ = D^W^ (4.3.12) 

where we have taken into account of the reahty of (j). We note that in this case the 
Grassmann even constraints have not only determined the automorphism Goldstone bosons 
of the theory, but they have also provided the conditions that specify the gauge covariant 
theory. Equations (4.3.11) and (3.4.12) are the correct linearised superspace constraints 
of the Born-Infeld theory off shell. In particular they imply that the field strength and 
auxiliary field of the theory are identified with the Goldstone bosons for the automorphism 
(pab and (f>. The Grassmann odd constraints of equation (3.14), which in this case are 
those of (4.3.10), are the correct superspace constraints between the vector potential and 
Goldstino. Thus we find that the general scheme given above also works for this model. 
It would be interesting to complete the calculation to the full non-linear theory. 

5 £^11 formulation of brane dynamics 

The M two brane was constructed long ago [13] by demanding that it possess re- 
symmetry which can be viewed as part of world volume supersymmetry [12]. When cou- 
pled to the eleven dimensional supergravity background the two brane also possess local 
supersymmetry. However, it then only possess re-symmetry, which is essential for its consis- 
tency, if the background supergravity fields satisfy their equations of motion [13]. Thus the 
two brane possess all the manifest symmetries of the background supergravity theory and 
it also implies the equation of motion of the background fields. This picture is also true for 
the other super branes in ten and eleven dimensions and in this sense they are more funda- 
mental than the supergravity theories to which they couple. As such, if the supergravity 
theories can be extended to possess the Kac-Moody algebra £"11 [9] one might think that 
this symmetry should also be present in a suitably extended formulation of brane dynam- 
ics. Another way of arriving at this idea is to recall that open string scattering leads to 
closed strings and at low energy the latter are described by the corresponding supergravity 
theories. If the supergravity theories when suitably extended possess an En symmetry 
then this should arise from the open strings and should be present in their dynamics. 

In fact, there is a connection between brane charges and En. There is considerable 
evidence [11,14,16] that the brane charges to belong to the fundamental representation, 
denoted /i, of algebra En associated with the node at the end of the longest tail of the 
£^11 Dynkin diagram. The lowest level such charges are given by [11] 

Pa, Z—; Z-1---5; Z-i-'-'T'-s, Z-1---8; ^^i^2^3'«i---28; . . . (5.I) 

The first entry is the space-time translations and the next two can be identified with 
the central charges of the eleven dimensional supersymmetry algebra [11]. These three 
quantities are known [17] to be the brane charges of the point particle, two brane and five 
brane of M theory. The higher level objects in the h representation should also correspond 
to brane-like objects in the extended theory which possess £^11 symmetry. Indeed, it has 
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been shown that for every element in the li representation there is a corresponding field in 
the adjoint representation of En that belongs to the correct SL(ll) representation to allow 
it to be coupled to a brane with the corresponding charge [11,16]. There has been much 
discussion of the brane charges that result when the IIA string theory is dimensionally 
reduced on a torus [18,19] and, in particular, it has been realised [18,19] that the central 
charges that occur in the reduced supersymmetry algebra can not form multiplets of the 
U-duality algebras. However, decomposing the /i representation of the algebra appropriate 
to dimensional reduction one finds [11,14] that it contains all the usual brane charges as 
well as more exotic objects that complete the U-duality multiplets. While it is inherent in 
the construction that the brane charges belong to U duality multiplets it is encouraging 
that all the expected brane charges belong to a single En representation and in this way 
one finds an eleven dimensional origin for the exotic charges required by U duality. 

Since taking just the fields of the non-linear realisation of En to depend on just the 
usual coordinates of space-time, which are associated with Pa, breaks En, it was proposed 
[11] that these fields should depend on an infinite set of coordinates which transform under 
En as the li representation, that is the set of coordinates 

-^ab'i ^a-^.-.o-g! ^Oi-- ■27)28' ^fii-'-Ss' ^^i^2^3'^i---28'' 

Prom this perspective one may suppose that the dynamics of branes is En invariant 
and that it is constructed from fields which transform in the li representation as in equation 
(5.2). Bosonic branes and superbranes can be viewed as defects in Minkowski space and 
superspace respectively and it is a natural generalisation to suppose that the bosonic sector 
of superbranes corresponds to a defect in a space with coordinates given in equation (5.2). 
The dynamical fields of the brane being Goldstone bosons for the brane charges which are 
spontaneously broken. 

The result found earlier in this paper, namely that the world volume gauge fields 
and the usual transverse scalar fields of the brane have a common origin in that they are 
Goldstone bosons for the corresponding central charges provided encouragement for the 
idea of an underlying En symmetry of brane dynamics. Indeed, it implies that these fields 
must occur in the group element of the non-linear realisation of equation (3.7) in precisely 
the required way to be suitable to be embedded in an En formulation. 

The question of whether the hidden symmetries of the supergravity theories also oc- 
curred in dimensional reduction of brane dynamics was given a partial answer in reference 
[20]. It was shown that a two brane reduced on a four torus did have the expected SL(5,R) 
symmetry. One interesting aspect of this work was that it used a formulation of the two 
brane which possessed an apparently adhoc field with two anti-symmetric indices as well as 
the usual scalar fields. However, it was noted [20] that this formulation could not account 
for the expected symmetries if the dimensional reduction was on a torus of dimension 
greater than four. 

Clearly, a dimensional reduction of the brane dynamics proposed in this section on a 
torus would possess the same symmetries as the eleven dimensional supergravity theory 
under the same reduction. The decomposition of the li representation appropriate to a 
dimensional reduction to three dimension was given in [14] and it was shown how the fields 
of equation (5.2) formed multiplets of the corresponding Eg symmetry group. The results 
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(5.2) 



for a dimensional reduction on a smaller dimension torus can also be readily deduced from 
these. For a torus of dimension four it is easy to see that X*, Xij belong to the 4 and 6 of 
SL(4) and so form the 10 of SL(5), while for a torus of dimension five the X% X^j, Xi^...ig 
transform as the 5, 10 and 1 of SL(5) and so form the 16 of SO(5,5). Here the indices i, j, . . . 
are in the directions in which the torus lies. However, for a seven torus the coordinates 
corresponding to central charges of the supersymmetry algebra will no longer suffice and 
one finds that X*, X^j, X^j . ^g , X^^ ..^^^^, transform as the 7 and 21, 21 and 7 of SL(7) to 
form the 56 of £^7. On an eight torus one needs coordinates up to level six to form the 248 
of Eg. 

The usual formulation of the two brane involves only a X- and so, at first sight, it does 
not appear to possess an En symmetry. However, we will now sketch an En formulation 
of brane dynamics and apply it to the two brane. We will find that at low levels it does 
indeed lead to the expected dynamics. 

It will prove instructive to first recall the dynamics of a bosonic p brane in a fiat 
background is given by the non-linear realisation of IS0(l,D-l)/S0(l,p)(8)S0(D-p-l) [8]. 
The group element is of the form 

exp{X^Pa)exp{(j>a'' J\') (5.3) 

where the fields depend on the world volume coordinates The Cartan form corre- 
sponding to the translations is given by V^X- = d„X?-^p-, where = (e'^)p-. This 

transforms only under SO(l,p)®SO(D-p-l) and as such we may set VnX°' = which im- 
plies that the space-time derivatives of X^ are given in terms of (j)a^ . The only covariant 
derivative of X- remaining is V^X" = and the action is given by J dP^^^ det f^"'. 
Using the identity fn^'Vabln' = "^n^-Vab^m^- = dnX^rjpgdmX^ = -fnm we recognise the 
familiar expression for the action. 

We may generalise the above to include the coupling of the bosonic brane to the 
gravity background [10] by taking as our group element 

exp{X^Pa)exp{hM\) (5.4) 

where K-^ are the generators of GL(D) and we can identify e^- = (exp/j,)^- as the 
vierbein from the gravity that results from the group element [10]. The corresponding co- 
variant derivative of X- is given by V^X- = d^X^-ep-. We define V nX-rjab^ mX- = 

dnX-QpgdrnX- = 7„m- The action is then given by / d^^^^, \/— det 7nm- The anti- 
symmetric part of hj^ play the role of Goldstone boson for the broken Lorentz symmetry. 

We now sketch the E\\ non-linear realisation of a super brane dynamics in the su- 
pergravity background. We will consider only the bosonic fields and work to second order 
in the brane coordinates and the background supergravity fields. Hence we consider the 
group element built from the algebra, denoted Ew ®s /i, which is the semi-direct product 
of Exx with generators that transform in the Ix representation of £"11. The group element 
is given by 

g = expiX^Pa)exp{XabZ^)exp{Xa^...a,Z^^ -^^) ■ --expih^K^J 
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= 9\92 (5.5) 

The fields associated with li depend on the coordinates which parameterise the brane 
world volume and those of the supergravity background depend on the fields in li. The 
commutators of these generators can be found in [9,11]. We will in this sketch take as the 
local sub-algebra only the Lorentz algebra. 
The Cartan forms are given by 

g-Hg = V^X^Pa + ^nXa^Z^ + VnX„...„^Z2-^6 + . . . + g-^dg2 (5.6) 

The latter are the Cartan forms associated with En algebra. We find that 

VnX^ = dnXE^p^, VnXab = dnXp,{e-')a^e-%l - dnXl-Bp^A^ 
^nXa,...a^ = dnXp^...p^{e-%^^i ■ ■ ■ {e-^)a,^ + dnX%^{Aca,...a, + ^QA^^a,Aa^...a,]) 

-20^[a,a.a3^-^Ii4lis(^"')£4-^(e"')i.5]-^ (5.7) 

We now apply this to the two brane taking field only to next to lowest order. The 
equation which is first order in derivatives, constructed from the Cartan form and world 
volume reparmetisation invariant is given by 

El = ^^--VnX^y^ + die'^^'^VmXabVrX'- + • • • = (5.8) 

where 

^nm = VnX^VnVabX^ + " " " (5-9) 

and di is a constant. Using the above expressions for the Cartan forms this equation 
become 

e^^K = V^r'^dnXPgpn + die^^^dmXnpdrXE. - die^'^'^dmXU.rrpdrXP + • • • = 

(5.10) 

Taking the derivative dn of this equation we find at lowest order the correct equation of 
motion for the two brane in a constant background fields. For a non-constant background 
we would have an equation which is second order in derivatives. We note that this equa- 
tion contains an additional field X^p which is dynamical in the sense that it comes with 
derivatives, but it does not lead to more degrees of freedom as the equation of motion is 
first order. Thus it is consistent with the considerations discussed earlier in this paper. We 
note that the inclusion of fermions would require more than just the Goldstino of section 
four. 

By wrapping the two brane in eleven dimensions on a circle one may take the above 
dynamics and obtain the analogous results for the dynamcis of the IIA string in ten di- 
mensions. The lowest level coordinates are X-, a = 0, 1, ... 9 and Xa = Xaii. Making the 



15 



decomposition of the li representation into Diq representations by deleting the last node 
on the gravity line of the Dynkin diagram one finds [14] that the lowest level multiplet 
contains the X- and Xa which belong to the vector representation of Diq. Hence, just 
keeping these fields one will find a Diq invariant dynamics which was discussed in reference 
[26]. In this case, the additional coordinate Xa encodes the possibility of interchanging 
Kaluza-Klein and winding modes. 

We now also sketch the five brane dynamics from this viewpoint. In this case we must 
include the fields at the next level. The analogous equation for the scalar fields is 

7"-VnXV + d2e'''^'-^'Vm,Xt>a^,„aVm,X^' • " " ^m,X^' + • • • = (5.11) 

where d2 is a constant. While for the two form X— the equation is 

V[nXabVmX^VpiX^+--- is Self dual (5.12) 

Substituting for the Cartan forms one recognises the correct equations of motion for the 
five brane [25] in a constant background up to the level considered. Since any p brane has 
a coordinate in the li representation that has p anti-symmetrised indices we recognise that 
equations (5.8) and (5.11) are just special cases of an obvious generalisation that gives the 
equation of motion of the embedding coordinates. 

We will give a more systematic account of the low level dynamics of branes viewed as 
a non-linear realisation of En elsewhere. In particular, we will address the issue, glossed 
over here, of what are the correct local sub-algebras which will in turn determine the field 
content of the non-linear realisations. For the five brane we expect to extend the local 
sub-algebra to include the Lorentz algebra and the automorphism discussed in equation 
(4.2.6) and we expect that this will lead to the peculiar factors of the three form field 
strength that occur in the five brane dynamics. The brane dynamics in the absence of 
background fields is likely to be a non-linear realisation of the li representation together 
with the Cartan involution invariant sub-algebra of En, or possibly a sub-algebra of this. 

Despite the low level approximation of the above dynamics the correct equations of 
motion appear naturally and, to those with a sympathetic disposition, it may encourage 
the belief in an underlying £"11 symmetry of brane dynamics. 

6. Discussion 

Inspired by Matrix Theory [24], it has been argued [18] that the maximal d + 1 di- 
mensional " super Yang-Mills theory" dimensional reduced on a d-dimensional torus has an 
Ed, d < 9 symmetry where Ed is the hidden symmetry that appears when eleven dimen- 
sional supergravity is reduced on a suitable dual torus of dimension d. In particular, it was 
found that this hidden symmetry, or at lest the relevant discrete part of it, is generated in 
the " super Yang-Mills theory" by simply permuting the radii of compactification combined 
with Montonen-Olive duality. The authors of [18] raised the question of what extension of 
super Yang-Mills theory could possess such a symmetry. 

In this paper we have argued that brane dynamics, like the supergravity theories to 
which it couples, can be extended to admit an En symmetry. Indeed, both are non-linear 
realisation of En; the supergravity theory being the low level approximation involving the 
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adjoint representation while the usual brane dynamics is the low level approximation from a 
non-linear realisation which also includes the li representation. It is important to note that 
the hidden symmetries are actually part of the theory before dimensional reduction and 
so appear automatically when they are dimensionally reduced and from this perspective 
it is inevitable that the supergravity and brane dynamics, when suitably extended, have 
the same symmetries when dimensionally reduced. This is in contrast to the mismatch 
between the brane and M theory symmetries noted in [18]. The approach advocated here 
also answers the another question raised in [18], namely it provided a higher dimensional 
origin for the exotic charges whose existence in the Yang-Mills theory is implied by acting 
with the analogue of the U-duality transformations on the well known charges. 

The ideas put forward in this paper are very natural from the viewpoint of the gauge- 
gravity correspondences (the Maldacena conjecture) since the two theories could be viewed 
as just different faces of their common underlying En symmetry. We would note that many 
of the checks of the Maldacena conjecture are really a consequence of the symmetries of 
the gauge and gravity theories. The correspondence between the supergravity and brane 
dynamics implied by their common symmetries could be exploited to give a mapping 
between quantities in the two theories. It would be interesting to see if these were the 
same as those that appear in Matrix theory [24]. 

The h representation contains at level zero the usual space-time coordinates X-. Us- 
ing techniques similar to those used in reference [16], it is straightforward to show, modulo 
some very unexpected conspiracy discussed in that reference, that the h representation 
also contains elements with the same Sl(lO) representation content as the space-time coor- 
dinates at levels ric = 11m, m G Z. Thus it contains multiple copies of the space-time like 
coordinates first found at level zero. Indeed, one can show that if a representation of Sl(lO) 
occurs at level ric it also occurs at level nc + 11. As a result, one finds in effect multiple 
copies of the first few coordinates used to describe brane dynamics. There is one intriguing 
interpretation of this repetition; it might be the En way of encoding non-Abelian branes. 
One might interpreted the first set of coordinates as belonging to a single brane and the 
subsequent sets as belonging to multiple branes. One test of this idea would be to see if 
the multiplicities of the higher coordinates are consistent with this picture in that they 
make up an U(m) adjoint multiplet. While one might expect the generators Pa at level 
zero to commute it could well be the case that the higher level generators with the same 
indices do not commute. 
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